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Abstract. Some basic notions of classical algebraic geometry can be de- 
fined in arbitrary varieties of algebras Q. For every algebra H in Q one can 
consider algebraic geometry in Q over H. Correspondingly, algebras in O 
are considered with the emphasis on equations and geometry. We give ex- 
amples of geometric properties of algebras in Q and of geometric relations 
between them. The main problem considered in the paper is when different 
Hi and H2 have the same geometry. 



INTRODUCTION 

0.1. Speaking on universal algebraic geometry, we assume that the basic va- 
riety is arbitrary or sufficiently arbitrary. Under non-classical algebraic geom- 
etry we mean algebraic geometry in various specific (fixed) varieties B, i.e., 
non-classical stands for not necessarily classical. One can consider algebraic 
geometry in groups, in rings (associative or Lie), and in other structures. All 
this is united by the general idea of nonclassical algebraic geometry. Hence, 
there appeared universal problems and problems arising from the peculiarities 
of a concrete variety 0. 

We distinguish varieties Com-P, Ass-P and Lie-P. The first one is the 
variety of all commutative and associative algebras with the unit over the 
field P. The geometry associated with this variety is regarded as the classical 
algebraic geometry over P. The second one is the variety of all associative (not 
necessarily commutative) algebras with the unit over P. Lie-P is the variety 
of all Lie algebras over P. 

For every algebra H E Q we have its algebraic structure, its logic and its 

geometry. The interaction of these three components is the main idea of the 

theory under consideration. This leads to a number of new problems. For 

example, when do two algebras Hi and H2 have the same geometry, and how 
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does one understand this fact. "The same algebra" means isomorphism of 
algebras, "the same logic" can be treated as the coincidence of elementary 
theories. 

0.2. With every algebra H e O we associate two categories. They are the 
category Kq{H) of algebraic sets over H, and the category of algebraic varieties 
Kq{H). Here, algebraic variety is viewed as an algebraic set, considered up 
to isomorphism of algebraic sets. Thus, the category Kq{H) is the skeleton 
of the category Kq{H). Both categories represent the geometry of H and are 
geometrical invariants of the algebra H. Now we can view geometries in the 
algebras Hi and if 2 to be the same if the categories Kq{Hi) and Kqi{H2) are 
isomorphic or the categories K{Hi) and Kq{H2) are isomorphic. On the other 
hand, in the category theory it is known that two categories have isomorphic 
skeletons if and only if these categories are equivalent. Hence, we distinguish 
two problems: 

1) When are the categories Kq,{Hi) and Kq{H2) isomorphic? 

2) When are these categories equivalent? 

In fact, we consider the formulated problems in respect to special correct iso- 
morphism and correct equivalence. This approach reflects the idea of coinci- 
dence of geometries. Correctness is inspired by the essence of the matter, as 
explained later. 

Let us present here two specific results. 

The first one relates to classical algebraic geometry over a field P. For an ar- 
bitrary extension L of the field P denote by Kp[L) the corresponding category 
Ke{L). 

Let Li, L2 be two extensions of the field P. The following conditions are 
equivalent: 

1) The categories Kp{Li) and Kp{L2) are correctly isomorphic. 

2) These categories are correctly equivalent. 

3) There exists an extension L of the field P such that Li and L are 
semi-isomorphic, and L2 and L have the same quasi-identities. 
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The second, more simple, result relates to groups. 

Let = Grp be the variety of all groups. Hi and H2 two nonperiodical 
abelian groups. Then the following three conditions are equivalent: 

1) The categories Kq{Hi) and Kq{H2) are correctly isomorphic. 

2) These categories arc correctly equivalent. 

3) Hi and H2 have the same quasi-identities. 

Other cases of groups and algebras are considered in the same spirit. 

Let us note that correctness of the isomorphism of categories Kq{Hi) and 
Kq{H2) is well coordinated with the lattices of algebraic sets in affine spaces. 

Any category Kq{H), can be considered from the point of view of the pos- 
sibility to solve systems of equations in the algebra H . This category is, in 
some sense, a measure of algebraic closeness of the given H, depending on the 
structure of algebra H. 

An important part in the proofs is played by investigation of automorphisms 
of categories of free algebras of varieties. For any © denote by ©° the category 
of free in © algebras W — W{X) with X finite. Automorphisms and autoe- 
quivalencies of such a category ©'^ are essentially tied with the geometry in 
©. 

0.3. We consider also the category Kq of algebraic sets over different if G ©. 
Its skeleton Kq is a category of algebraic varieties over different H. Both these 
categories are geometrical invariants of the whole variety ©. There naturally 
arise problems on isomorphism and equivalence of different Kq^ and Kq^ . Here 
©1 and ©2 could be subvarieties of some big variety ©. 

0.4. Let us make some notes on the plan of the paper. The paper is organized 
as follows. At the beginning we recall basic definitions. The second, third and 
fourth sections are devoted to special notions which play main part in the 
solution of the problem whether geometries in different algebras are the same. 
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In the fifth section we present universal theorems on coincidence of geome- 
tries. In the seventh section these universal theorems are specialized for vari- 
eties Com-P, Ass-P and Lie-P. The previous sixth section contains prepara- 
tion material for the final seventh one. 



1. Basic definitions 

1.1. Algebraic sets and closed congruences. General results about geom- 
etry in groups can be found in [2,3,4,16,17,18,36,37]. Fix an arbitrary variety 
of algebras ©. Denote by ©° the category of free in © algebras W — W{X) 
with X fixed. All X are supposed to be subsets of some infinite universum 

Thus, 0° is a small category. 
Fix an algebra H in 0. Consider the set of homomorphisms IIom(W^, H) as 
an affine space over H. Here points are homomorphisms fi : W{X) H. For 
X = {xi, . . . , ,T„}, we have a bijection ax '■ IIom(H/^, H) —>■ G^"'^ by the rule 
CKxi/J') — il^'i^i), . . . , ii{xn))- If, further, (w, w') is a pair of elements in W, then 
the point /j, : W ^ H is a, solution of the equation w — w' in H ii — w'^, 
{w, w') e Ker The kernel of a homomorphism is a congruence of the algebra 
W. 

Let now A be a subset in the affine space Hom(VF, H) (a set of points), and 
T a binary relation in W (a set of pairs (w, w');w, w' G W). We set: 

{T' = T'H^A^{n:W^H\T^KeTn} 

This gives the Galois correspondence between sets of points and binary rela- 
tions. We call a set of points A such that A — T' for some T an algebraic 
(closed) set in Hom(l^, H). A relation T with T — A for some A is a congru- 
ence in W. We call such a congruence an iJ-closed one. 

For every A we have a closure A'^ — {A')'jj and T'^ — {T'jj)'y^ holds for every 
T. It is easy to understand that the congruence T in 1^ is iJ-closed if and 
only if there is an injection W/T for some /. 

We need some auxiliary notions. 
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The class of algebras X C 9 is called a prevariety if X is closed under 
cartesian products and subalgebras. For an arbitrary X the corresponding 
closure up to prevariety is SC{X). Here S and C are closure operators on classes 
of algebras: C under cartesian products and S under subalgebras. We can 
now say that the congruence T in is if-closed if and only if W/T G SC{H). 
Besides, if T is an arbitrary binary relation in W, then is an intersection 
of all congruences with T dTa and W/Ta G SC{H). 

Consider further formulas of the form 

f\ {w = w')\^ {wq,w'^). (*) 

We call them generalized (infinitary) quasi-identities. If T is finite, we have 
an ordinary quasi-identity. 

The following Proposition easily follows from the definitions. 

Proposition 1. The inclusion {wo,w'q) G takes place if and only if the 
formula (|*|) holds in the algebra H. 

1.2. Categories of algebraic sets. Define a category of affine spaces Kq{H). 
Objects of this category have the form Hom(iy, H) where W is an object of 
the category 0*^. Morphisms 

S : }iom{W{X),H) Ilom{W{Y),H) 

are given by the morphisms in 6° 

s : W{Y) W{X) 

by the rule s(i^) = us for every u : W{X) H. We have here a contravariant 
functor 

This functor determines duality of categories, if the algebra H generates the 
whole variety, i.e., 6 = Var(if) = QSC(if). Here, Q is the operator of taking 
homomorphic images. 

Let us now define the category Kq{H) of all algebraic sets over H. Objects 
of this category have the form (X, A), where A is an algebraic set in the affine 
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space B.om{W {X) , H) . We consider the affine space B.om{W {X) , H) as an 
object of the category Kq{H) as well. As an algebraic set it is determined 
by one equation x = x. Morphisms [s] : {X, A) {Y, B) are determined by 
homomorphisms s : W{X) with the property s(z/) = us E B if 

V E A. These are exactly those s for which G A' if {w,w') G B' . 

For such s we have a homomorphism 

s : W{Y)/B' W{X)/A'. 

Simultaneously we have a mapping [s\ : A ^ B and consider it as a morphism 
in the category Kq{H). 

It is clear that the category of affine spaces Kq{H) is a subcategory of the 
category Kq{H). 

Let us define the category Cq{H). Its objects are of the form W{X)/T, 
where W = W{X) is an object of the category 0° and T is an if-closed 
congruence in W{X). Morphisms in Ce{H) are homomorphisms of algebras, 
and the category Ce{H) is a full subcategory of the category 6. 

Let us note further that if Var(if) = 6 the transition {X,A) W{X)/A' 
determines duality of categories Kq{H) and Cq{H). 

We denote the corresponding skeletons of categories by Kq{H) and Ce{H). 
These two categories are also dual. Objects of the category Kq{H) are called 
algebraic varieties over the algebra H. They are algebraic sets over H consid- 
ered up to isomorphisms in Kq{H). 

The following proposition takes place. 



Let 01 = Vai{H). Then the categories Kq{H) and Kq^{H) are isomorphic. 
The categories C@{H) and C@-^{H) are isomorphic as well. 
For definitions of the categories Kq and Cq see [^], p8| . 



2. Geometrical equivalence of algebras 
2.1. Preliminaries. 

Definition 1. Algebras Hi and if 2 in © are called geometrically equivalent if 
T'/j^ = T'/j^ in W for any W = W{X) and T in W. 
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Proposition |^ follows from the Proposition |l]. 



Proposition 2. The algebras Hi and H2 are geometrically equivalent if and 
only if their generalized quasi-identities coincide. 

This implies 

Proposition 3. If Hi and H2 are geometrically equivalent then they have the 
same quasi-identities, i.e., the quasivarieties qYax{Hi) andqYax{H2) coincide. 

The converse statement is not valid in general case (see Theorem 2). 

For every class of algebras X C 6, we define a class LX as follows: H G LX 
if every finitely-generated subalgebra Hq in H belongs to the class X. 

The class LSC(X) is a locally-closed prevariety, generated by the class X. 

A.I. Maltsev [21], [22] proved that if the class S'C(X) is axiomatizable, then 
this class is a quasivariety. In this case, LS'C(X) is a quasivariety as well. In 
the general case, such a class is not axiomatizable. However, the following 
theorem takes place pl| : 

For any X the class LSC{X) is determined by infinitary quasi-identities of 
the class X. 

Here arises a natural question what are the conditions providing LSC (X) = 
g Var(X). This question is related to Proposition ^ 



We call the class X logically compact {q^- compact if each of its infinitary 



quasi- identity ( /\ (w = w') j =^ wq = w'q, where T is a binary relation in 

\{w,w')e:T J 

W = W{X)^ reduced to a finite quasi- identity /\ (w = w') \ ^ wq = 

\ {w,w')£To J 

w'q with a finite subset Tq in T. 

We can now claim that if X is a logically compact class, then 

LSC{X) = gVar(X). 

Actually, the opposite is also true (see below). 

Let us note also that the problem of coincidence of classes SC{X) and 



gVar(X) was solved by V.A. Gorbunov [Q 



8 B. PLOTKIN 

Proposition 4. Algebras Hi and H2 are geometrically equivalent if and 
only if 

LSC{Hi) = LSC{H2). 

2.2. Geometrically noetherian algebras. We introduce, first, some new 
definitions. 

Definition 2. An algebra G is called geometrically noetherian if for 
any W = W{X) and T in W there exists a finite subset Tq of T such that 

rpn rp/f 

— ^OH- 

The following proposition is proved in a standard way. 

Proposition 5. An algebra H E Q is geometrically noetherian if and only if 
for every W G Ob©*^ the ascending chain condition for H-closed congruences 
holds. 

The equivalent condition is descending chain condition for algebraic sets in 
Hom(iy, H) for every W e Oh 6°. 

Definition 3. We call a variety noetherian if every W G Ob 0" is noetherian 
(by congruences). 

Obviously, if is a noetherian variety then every algebra G is geomet- 
rically noetherian. 

Examples. 1) A classical variety Com-P is noetherian. 

2) All noetherian subvarieties in Ass-P are described [|l|. 

3) The variety of all nilpotent groups of the nilpotency class c is noe- 
therian. 

4) Every variety consisting of locally finite groups is noetherian. 

5) A variety of the form DTc0, where is a locally finite variety, is noe- 
therian. 

6) A free group F{X) with finite X is geometrically noetherian |T^ . 



7) Finitely-dimensional associative and Lie algebras are geometrically noe- 
therian [HI. 
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We note that the notion of geometrical noetherianity of an algebra, as well 
as the notion of geometrically equivalence of algebras, does not depend on the 
choice of variety containing the algebras under consideration. 

Now let us generalize the notion of geometrical noetherianity. 

2.3. Logical noetherianity. 

Definition 4. An algebra i7 G 6 is called locally geometrically noetherian if 
for every free algebra W and every set T inW and for every pair {wq, w'q) G 
there exists a finite subset Tq in T, depending, generally, on {wq, Wq), such that 
{wo,w'q) G T^'h- 

Proposition |^ follows directly from above. 

Proposition 6. The algebra H E Q is locally geometrically noetherian if every 
infinitary quasi-identity in H is reduced in H to a finite quasi-identity . 

This is the reason why locally geometrically noetherian algebras we call also 
logically noetherian. 

Proposition 7. The algebra H is logically noetherian if and only if the union 
of any directed system of H -closed congruences is also an H -closed congruence 
for every W G Ob G". 

Proof. Let the algebra H be logically noetherian and T a union of some directed 
system of if-closed congruences T^, a G /. T is a congruence. We need to check 
that it is -ff-closed. 

Take and let it contain the pair (w, w'). Find a finite subset To in T with 
(w, w') G Tl^H- We have T^ with Tq C T^. Then (w, w') G T^^h ^ Kh = T^^T. 
Thus {w,w') G T, T = T'/i. 

To prove the opposite, assume the condition of directed systems of if-closed 
congruences. 

Take an infinite set T in W. Consider in T all possible finite subsets T^. All 
T^jj constitute a directed system of iJ-closed congruences. Let Ti be the union 
of all congruences of this system. T C Ti C T^. Since Ti is if-closed, then 
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Ti = T^. If {w,w') G = Ti, then {w,w') G T^'^ for some a. This means 
that the algebra H is logically noetherian. 

It is clear that geometrical noetherianity of algebras implies its logical noethe- 
rianity. Show that the opposite is not true for the case of groups G = Grp . 
Consider free groups F = F{X), where X are finite subsets in X^, and con- 
sider all possible invariant subgroups U in them. Denote by H the discrete 
direct product of all F{X)/U. We have injections F{X)/U H. Therefore, all 
invariant subgroups in every F{X) are if-closed. From this it follows that the 
group H is not geometrically noetherian. However, it is logically noetherian 
by Proposition 0. □ 

Similar examples can be found in the variety Ass-P and various other cases. 

2.4. Logical notherianity and geometrical equivalence. 



Theorem 1. The equality LSC{H) = g Var(if) takes place if and only if 



the algebra H is logically noetherian. 



Proof. In the theorem is proved for groups, but similar considerations 



are valid in the general situation. Note that uses a different term (g^j - 
compactness) instead of the term "logical noetherianity." 

We present the proof for arbitrary B, taking into account, in particular, the 
case of associative and Lie algebras. 

Note first of all that the algebra H is logically noetherian if the class j£, 
consisting of one algebra if, is logically compact. Thus, if the algebra H is 
logically noetherian, then LSC{H) = gVar(if). 

We now prove the opposite. Let LSC{H) = g Var(if) be given. Check that 
the algebra H is logically noetherian. Take an algebra W = W{X) G Ob©*^. 
Take a congruence T in W which is the union of the directed system of in- 
closed congruences T^, a & L We want to verify that T is if-closed as well, 
i.e., W/T G SC{H). In our conditions we just need to check that every quasi- 
identity of the algebra H holds in W/T. 

Let the quasi-identity 

Wi = w[ A ■ ■ ■ A Wn = w'^ ^ Wq = w'q (**) 
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be written in elements from W{Y), and let it be fulfilled in the algebra H. 
Check that it holds also in W/T. 

Take a homomorphism fi : — > W{X)/T, and the corresponding com- 
mutative diagram 

W{Y) W{X) 
W{X)/T 

Here u is a natural homomorphism. Besides, for every a E I consider natural 
homomorphisms z/q : W{X) — > W{X)/Ta. Assume that = w[^; w^°'^ = 
xu'Mo^ holds for every i = 1, . . . ,n. We can choose a G / such that w^^"" = 
Wi^°'^°'. We proceed from the homomorphism z/q/xo '■ W{Y) W{X)/Ta. 



Since the quasi-identity ( F*l) holds in W{X)/Ta, we have also Wq"""' = 
w'q'^°'^°' . The last formula gives Wq°^ = w'q^°^\ Wq = w'q^. This means that 
the quasi-identity (|**| ) holds in the algebra W{X)/T and the congruence T is 
iif-closed. Hence the algebra H is logically noetherian. □ 

Note that similar arguments can be used in the case when instead of one 
algebra H we take an arbitrary logically compact class, (see p4|). 
Theorem |] easily follows from the theorem just proved (see ||27|| ). 



Theorem 2. If the algebra H = Hi & Q is not logically noetherian, then there 
exists its ultrapower H2 which is not geometrically equivalent to the algebra Hi. 
Here Hi and H2 have the same elementary theories and, in particular, their 
quasi-identities coincide. 

Proof. Since H is not logically noetherian, we have the inequality 

LSC{H) ^ gVar(/7). 



According to [0], we have a presentation g Var(_f/') = SCCup{H). Here Cup is 
an operator which takes ultraproducts of algebras. 

The class Cup{Hi) has an algebra H2 which does not belong to the class 
LSC{Hi). Therefore, LSC{Hi) ^ LSC{H2), and the algebras Hi and H2 are 
not geometrically equivalent. The algebra H2 is an ultrapower of the algebra 
H = Hi. D 
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Theorem 3. If the algebras Hi and H2 are logically noetherian, then they are 
geometrically equivalent if and only if they have the same quasi-identities. 



2.5. Examples. Problems. Consider the problem of existing not logically 
noetherian algebras in B. 

1.0 = Grp . Let us do it for the cases = Grp and = Ass-P, starting 



with groups. Using |[T^ , consider finitely presented groups in the form F{X)/U, 
where F{X) is a free group over finite X, and U is an invariant subgroup in 
F = F{X) with the finite set of generators (as the invariant subgroup). 

Let if be a discrete direct product of all such F{X)/U. In the countable 
group H there is a countable set of finitely generated subgroups. 

Show that the group H is not logically noetherian. We use here the known 
Theorem (see [|r^) that there exists a continuum of two-generated simple 
groups. One of such groups, say F, is not embeddable into the group H. 

Consider a surjection /i : F{x,y) — > T. Let U = Ker yU. Take a sequence 
Ml, U2, . . . , Un, ... of all elements of U. 

Denote by [/„ an invariant subgroup in F = F{X, Y), generated by elements 
Ml, ... , Un- The union of all f/„ is U. Besides, F{x, y) /Un is embedded injectively 
in H and, hence, all Un are if-closed. We check that U is not an if-closed 
invariant subgroup. 

Assume that U is if -closed and F F{x,y)/U is embedded into for 
some i. We assume that F is a subgroup in . Consider a system of invariant 
subgroups Ua in with /Ua ~ H and f]Ua = 1- The image F in H^/Ua 

a 

is isomorphic to F/F fl Ua- F is a simple group. If F fl ?7q, = F always holds 
true, then we get a contradiction. Therefore, T (1 Ua = 1 for some a and 
F is embedded into H ^ /Ua, which contradicts the choice of F. Thus, 
the invariant subgroup U is not ii-closed, and the group H is not logically 
noetherian. 

Similar considerations are valid in the case = Ass-P. 

2.0 = Ass —P. Let us call an algebra ii G correct if there exists a 
surjection H ^ P. A simple algebra is correct if and only if it coincides with 
P. In the general case P is a subalgebra in H. 
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Let us note that if i^Q, a G /, is a family of correct algebras and H is their 
free product in then all cmbcddings ia '■ H arc injectivc. 

Indeed, let us fix a and consider homomorphisms Vjs : Hj^ — > Ha for all 
(3 ^ I . li (3 — a, then — Va '■ Ha, Ha is an identical isomorphism; if 
(3 ^ a, then : Hp — > Ha is a homomorphism on the subalgebra P in Ha- 
By the definition of a free product there is v : H ^ Ha such that via — t'a- 

If now ia is not injective then we come to the contradiction with the defini- 
tion of Va- 

Consider free algebras W = W{X) in = Ass-P with finite X. In every 

such algebra consider finitely-generated ideals [/, for which the factor-algebra 
W/U is correct. Take for H a free product of all such W/U for different X 
and U. 

Assume further that the field P is countable. Then the algebra H is also 
countable and in H there exists a countable set of finitely generated subalge- 
bras. 

Theorem 4. The algebra H is not a logically noetherian algebra. 

Proof. . We want to show that for the given algebra H there exists a free 
algebra W — W{X) such that the union of the increasing sequence of in- 
closed ideals can be not an H - closed ideal. 

We plan to show this with the help of the appropriate finitely generated 
algebra F, which is not embeddable to any Cartesian power of the algebra H. 
In order to find such an algebra we need some observations concerning group 
algebras of simple groups. 

Let G be a simple group and PG be its group algebra. Consider ideals V C 
PG. The canonical homomorphism PG — > PG/V implies ji : G ^ PG/V. 
The kernel Ker fj, consists of the elements g E G such that g — 1 G V. This 
kernel either the whole group G or 1. In the first case we have g — I lies in V 
for every g E G. Then the ideal V coincides with the augmentation ideal A. 
In the second case {g — 1) E V implies g = 1- In the second case we call the 
ideal V faithful ideal. 
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Thus, iiV^A then V is faithful. The union of the increasing sequence of 
faithful ideals is again a faithful ideal. Therefore, there are maximal faithful 
ideals in PG. Let Vq be a maximal faithful ideal. HVq dV and V does not 
coincide with PG then either Vq = or = A. 

Take an algebra F = PG/Vq. We have an injection G — > F. There are two 
possibilities: 

1. F is a simple algebra. 2. F has a unique proper ideal A = A/Vb. 

Let further the group G be finitely generated. Then this group is simulta- 
neously a finitely generated as a semigroup. Then the group algebra PG is a 
finitely generated algebra, and F is also finitely generated. 

The algebra H is countable. In such an algebra there exists not more than 
countable set of finitely generated groups. So, we can find a finitely generated 
simple group G which is not embeddable to H. Then the algebra F is not 
embeddable to H. 

Assume that for F the second case takes place, that is there exists a unique 
ideal A in F. Suppose that F is embeddable as a subalgebra to . Take a 
system of ideals Va, a e I such that /Va ^ H and HaeiVa = 0. If FnT4; = 
for some a then F is embeddable to H. Contradiction. If this intersection is 
not equal to zero, then it always contains A, which contradicts Ha^iVa = 0. 
Therefore, the algebra F is not embeddable in a Cartesian power of H. 

Take now a finitely generated algebra W{X) with the surjection : W{X) 
F. Take U = Ker /x. Let Mi, • • • , «„, • • • be all elements of algebra U. Denote 
by Un the ideal generated by the first n elements. Then algebra W{X)/Un is 
finitely presented and correct. Such algebra is embeddable to H. Hence, every 
ideal C/„ is i?-closed. However, the union of these ideals, i.e., the ideal U is 
not if-closed since W{X)/U is isomorphic to F which is not embeddable to 
any Cartesian power of H. This means that in the second case we found an 
appropriate algebra W{X) which makes H not logically noetherian. 

Suppose now that for G and F the first case holds, i.e., algebra F is a simple 
algebra. Consider P x F = F*. There are only two ideals in this algebra, 
namely P and F. Besides, assume that G is not embeddable also in H x H. 
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Since G is embeddable in T* then F* is not embeddable in H and H x H. We 
show that r* is not embeddable in any . 

As before, consider a system of ideals Va with /Va ~ H and PiVq, = in 
. The image T* in /Va is isomorphic to the algebra r*/r* fl Va- There are 
only two proper ideals in the algebra F*, namely, P and F. If F* fl = for 
some a, then F* is embedded into H. Contradiction. If F*n = P for some a, 
then already F is embedded into H. Besides, P G H. Then T* = PxT G HxH. 
Contradiction. Other cases lead to contradiction with flV^ = 0. Hence, the 
embedding F* is impossible. 

The algebra F* is finitely generated and correct. Consider the surjection 
W{X) — s> F*. It remains to repeat the arguments above. We found again 
the appropriate W{X). So, the algebra H is not logically noetherian. The 
theorem is proved. □ 

The condition on the field to be countable can be eliminated. Indeed, let 
K be an arbitrary field and P its countable subfield. According to Theorem 4 
construct an algebra H over P. It can be proved that by extending scalar s to 
the elements of K we get an algebra over K which is not logically noetherian. 

Problem 1. Let W = W{X) be a free in Ass-P algebra with \X\ > 2. Is it 
true that W is not geometrically noetherian, but is logically noetherian? 

Problem 2. The same question for free Lie algebras (see also p6| j. 

Problem 3. Let G be a group, and PG = H its group algebra. The problem 
is to find the relationship between the geometrical and logical noehterianity for 
G and H . 

This is, indeed, a wide topic related to various problems in the group algebra 
theory. 

Problem 4. Is it true that there exists continuum finitely generated simple 
associative algebras'^ 

""^When the paper was finished I have been informed that a solution of this problem is 
contained in the forthcoming paper [20] . 
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Problem 5. Is it true that there exists continuum finitely generated simple 
Lie algebras? 



The positive answer on problem 5 would allow to construct an example of 
not logically noetherian Lie algebra. 

Note that in the paper by V.Bludov and D.Gusev [8] there is an example 
of the solvable group of class 3 which is not logically noetherian. See also [6] , 
[20],[38]. 



3. Geometrical Similarity of Algebras 

3.1. Isomorphism of functors. If algebras Hi and H2 are geometrically 
equivalent, then the categories Cq{Hi) and Ce(i?2) coincide, while categories 
Kq{Hi) and Kq{H2) are isomorphic. The notion of geometrical similarity of 
algebras is related to necessary and sufficient conditions of isomorphism of 
categories of algebraic sets. 

Let us recall the notions of homomorphism and isomorphism of two functors 
of a category, which we will use in the sequel. 

Let two functors ^1-1^2 '■ Ci ^ C2 of the categories Ci,C2 be given. The 
homomorphism (natural transformation) of functors s : </7i — > (/?2 is a function, 
relating a morphism in C2, denoted by sa '■ fii^) — 'fi2{A) to every object A 
of the category Ci. For every 1/ : A ^ B in Ci there is a commutative diagram 



MA) 



SA 



MA) 



MB) MB) 
in the case of covariant (fi and (p2- 

For contravariant (fi and </?2 the corresponding diagram is 

MB) MB) 



SA 



MA) 



An invertible s : (pi ^ (p2 is isomorphism (natural isomorphism) of functors. 
The isomorphism property holds if sa '■ ^i{A) ^2{A) is an isomorphism in 
C2 for any A. 



ALGEBRAS WITH THE SAME (ALGEBRAIC) GEOMETRY 17 

3.2. Functor CI//. Consider a (contravariant) functor CIh '■ 6" — ^ Set for 
every algebra H e Q. li W = W{X) is an object of 0°, then C\h(W) is the 
set of all i/-closed congruences T in W. If, further, s : W{X) is 

a morphism of 6°, then we have a mapping of sets CIh{s) : CIh{W{X)) — > 
CIh{W{Y)). This mapping is defined by the following rule: if T is an H- 
closed congruence in W{X), then CIh{s){T) — s'^T. It is always an if-closed 
congruence in W{Y). Here, w{s''^T)w' if w^Tw'^. For every subvariety ©i in 
0, containing an algebra H, we have also Cl/j : 0? — > Set . These two different 
G\h are well correlated. If 1^ = W{X) e Ob0°, then Wq = Wo{X) is an 
object in 0^ with the natural homomorphism W Wq. It is easily checked 
that there is a bijection between the sets CIh{W) and CIh{Wo). 

It follows from definitions that the algebras Hi and H2 are geometrically 
equivalent if and only if the functors C\hi and Cl/Zj coincide. Besides, Var(i7i) = 
Var(i72)- The notion of geometrical similarity assumes that the varieties 0i = 
Var(ifi) and 02 = Var(if2) do not necessarily coincide, but there is an iso- 
morphism of categories (/? : 0° — > 0° with the isomorphism of functors «(</?): 
Clifj — > Clif2 f depending on (p under one additional condition, described later. 
In the commutative diagram 




Set 



functors C\hi and Cl/fj act on the categories 0? and 0°, respectively, and 
commutativity of the diagram is treated as an isomorphism of functors CIh^ 
and Clj/2 f- 

3.3. Function P on the category of free algebreis. Given and the cate- 
gory 0^^, consider a special function p. Take two arbitrary objects Wi and W2 
in the category 0°. Let T be a congruence in W2. Denote by P — Pwi,W2{T) 
a binary relation in Hom(l^i, 1^2). This relation is defined as follows: Si/9s2 
holds for Si,S2 : Wi W2 if and only if w^^Tw'^^ for every w G Wi. The 
isomorphism a = a{ip) should commute with the functor p. 
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3.4. Geometrical similarity. 



Definition 5. Let Hi and H2 be algebras in O, 61 = Var(ifi), 62 = Var(iJ2)- 
The algebras Hi and H2 are called geometrically similar if 

1. There exists an isomorphism : 0^ — > 02- 

2. There exists a function a = a{ip) such that a bijection a{ip)w '■ 

C\h,{W) C\hMW)) holds for every W G ObG?. 

3. The function a is coordinated with the function j3. 

The last condition means that 

Here Wi,W2 are objects in 6°, T is an ifi-closed congruence in 1^2, and 
for every relation p in Hom(iyi,iy2) the relation ip{p) is defined by the rule: 
s[ip{p)s2 holds for s[, s'2 : ^piWi) v^(W^2) if there are Si, S2 ■ Wi W2 such 
that f{si) = s[, (p{s2) = S2 and Sips2- 

Show now that the function a = a{ip) is uniquely determined by these 
conditions, and give the formula for its calculation. To this end, consider a 
function p with pw = Pw,w for every W G Ob 6°. Besides, define a function r, 
such that T]y is applied to the relation p in End W for every W. Here T]v{p) = T 
is a relation in W, defined by the rule: WiTw2 if there is w E W with w'^ = Wi, 
w"' = W2 and upu'. 



It is proved (see that if T is a congruence in W, then twPw{T) = T. 



Proposition 8. a{{p)wiT) = t^^\y)'^{pw(T)) holds true. 

Proof. By the condition of coordination between a and P, we have ip{pw(T)) = 
Pip{w){c({'^)wiT)). Here T is an i^i-closed congruence in W, a{ip)wiT) is an 
if2-closed congruence in (p(W). Let us apply t^(w)- 

The proved formula allows to state that for every W G Ob the mapping 
a{ip)w '■ ClHiiW) Cl//2(v^(W^)) determines the isomorphism of latices of 
algebraic sets in Hom(iy, ifi) and Yiom{ip{W) , H2) . 
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Finally, it is proved that a{(f) gives an isomorphism of functors Cl^i 



C\h2 V^- It is easy to understand that the relation of geometrical similarity 
of algebras in B is reflexive, symmetric and transitive. It is also clear that 
geometric equivalence is a particular case of geometrical similarity. □ 

3.5. Inner automorphisms of the category of free algebras. Assume 
further that Var(/fi) = Vai{H2) = Q for the algebras Hi and H2. This is 
a natural condition; it always holds for the variety Com-P if the field P is 
infinite. In this case similarity of the algebras Hi and H2 is defined by an 
automorphism (p : 0°. For various special (p, similarity to some extent 

is reduced to geometrical equivalence. Let us consider one of the such cases. 

For an arbitrary category C, let us call its automorphism ip : C C a.n 
inner if there is an isomorphism of functors s : Ic ^ <f- Here for every object 
A we have an isomorphism sa '■ A ^ V'(^) ^-^id for every u : A —>■ B the 
diagram 

A ^{A) 
B ip{B) 

is commutative. Thus, v^(i^) = s^z/s^^. This motivates the word "inner". 

Similarly, one can define an inner endomorphism (endofunctor) of a category: 
it is an arbitrary : C ^ C, isomorphic to a unit automorphism Iq- 

Proposition 9. // similarity of the algebras Hi and H2 is determined by an 
inner automorphism ip of the category 9°, then Hi and H2 are geometrically 
equivalent. 

Proof. Let an isomorphism s : I0O —>■ ip, an object W in G°, and a congruence 
T in be given. Check that 

a{(p)w{T) = swT. 

Here sw : W f(W) is an isomorphism of objects and swT is a congruence 
in (p{W), defined by the rule: w[{swT)w2 holds if and only if w'l = sw{wi), 
w'2 = Sw{w2) and wiTw2. Denote swT = T* and check that 

<p{pw{T)) = p^(w){T*). {***) 
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Let G EndipiW) and fnp{pw(T))fi' take place. Then: z/, i/' G EndVF, 

h'PwiT)h'', fi = (^{v), /i' = v^(z/'). For every w G we have i'{w)Tu' {w). 
Thus, 

S ( ti? ) T * S VI/ ( ) ; 
p{wi)T*p'{wi). 

Here, Wi = svy(ti') = Wi is an arbitrary element in ({>{W) which gives us 

Let, now, yu(p<^(vy)(T*))/i' holds. This means that fi{wi)T*fi'{wi) holds for 
every Wi G '^(W). Take z/ and z/' G EndH^ with /i = = Syi/z/s^^, 

/i' = Sw^'s^ and w with Svi/('?^) = u^i, where u; is an arbitrary element in 
W. We have svy(z/(w))T*svy(z^'(w)). This gives z/(w)Tz/'(w), z/pvK(^)i^'- Then 
9?(i/)(y9(pvi/(^))v^('^') and fnp{pw(T))fi' . The equality ( [* * *[) is checked. Now 
we have 

a{(pw{T)) = T^(^w)'^{Pw{T)) = T^(w)P^(w){T*) = T* = swT. 

Let T be an ifi-closed congruence in W. Then s^yT is an if2-closed con- 
gruence in (p{W) by the definition of similarity. On the other hand, using the 
isomorphism : ^p(W) W and the fact that isomorphism of objects in B° 
preserves the if-closeness condition for every H (see p^), we conclude that 



T is an if2-closed congruence as well. Hence every i^i -closed congruence in 
W is if2-closed. Applying {p~^, conclude the opposite. Thus, Hi and H2 are 
geometrically equivalent. □ 

Other examples of this kind will be given in the section devoted to the case 
= Ass-P. It is proved for O = Grp that all automorphisms of the category 
0° are inner |^ . 



4. Geometrical Coordination of Algebras 

4.1. Additional information on categories. Coordination of algebras leads 
to the necessary and sufficient conditions of equivalence of two categories of 
algebraic sets. 
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We recall here some required information from category theory [25], [39]. 

Let the categories Ci and C2 be given. They are equivalent if there exists a 
pair of functors : Ci — > C2 and : C2 — > Ci such that ipip ~ Ici, V^V' ~ lc2- 
Here, Ic is a unity functor of a category. The sign ^ here denotes isomorphism 
of functors. We say that the pair {(f, ip) determines equivalence of categories Ci 
and C2. If = Ici, V'V' = lc2; then the pair {(p,ip) determines isomorphism 
of categories and ip = ip~^. 

It is proved [^ that if ip) is an equivalence, then each of the functors (p 
and ip possesses the following two properties 

1. Completeness; 

2. Univalencity. 

For : Ci ^ C2, completeness means that for every object B of C2 
there exists an object A of Ci, such that if{A) ^ B. Univalencity means 
that for any two objects A and B of Ci, the functor ip induces a bijection 
'~Pa,b '■ Hom{A, B) B.om{(p{A) , (p{B)) . In particular, for every A this gives 
an isomorphism ifA '■ End A —>■ End ip{A). Let us call a functor ip with these 
two properties a relational isomorphism of categories. If is a relational iso- 
morphism, then it has a relational inverse functor ip such that the pair [ip, tp) 
determines equivalence of categories. There could be many relational inverse 
functors for (p. 

If (p is an isomorphism, then there is only one inverse functor ip"^, but there 
are many relational inverse ones. 

Let us fix a small category C. Consider endofunctors (endomorphisms) (f : 
C ^ C. They constitute a semigroup EndC. Relational automorphisms (au- 
toequivalences) form a subsemigroup in EndC, denoted by Aut(C). The group 
of automorphisms Aut(C) is a group of invertible elements in End(C). 

It is checked that the isomorphism relation in is a congruence in End(C): 
ipi ^ ip>2 and ipi ip2 imply (pitpi ^ ip2'ip2- 

We can now pass to the factor-semigroup End°(C) = End(C)/ ~ . Denote a 
group of invertible elements in End°(C) by Aut'^(C). Fix a natural homomor- 
phism 5 : End(C) End°(C). If S{ip) = is an invertible element in Aut°(C), 
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then we take = Tp~^ and, therefore, Tpil) = ipTp = Ic, ^pip = ip^p = Ic, 
(ftp ^ Ic ^ ipf. Thus, (f is an autoequivalence, hke ip- The subsemigroup 
Aut(C) is a full CO- image of the group Aut°(C). A homomorphism S induces 
the homomorphism S : Aut(C) Aut°(C). The latter is surjective if every 
autoequivalence ip of the category C is isomorphic to some automorphism ijj, 
(f ^ ip^ip'^ = v?o ~ Ic, = '^oi'- Here ipo is also an autoequivalence , namely 
it is an inner one. Besides, let us note that if = (poip, then all relationally 
inverse functors to ip are of the form ijj~^ipi, where ipi is an arbitrary functor, 
isomorphic to Ic. 

Every (fi, isomorphic to Ic is simultaneously an autoequivalence of the 
category. 

Note that the kernel of the homomorphism S : Aut(C) Aut°(C) is an 
invariant subgroup Int(C) in Aut(C), consisting of all inner automorphisms, 
which is isomorphic to a trivial automorphism. 

Given a small category C and an object A, denote by [A] the class (set) of 
all objects in C, isomorphic to A. The set of all objects Ob(C) is decomposed 
into such classes. 



Theorem 5. (G. Zhitomirsky If all classes [A] have the same cardinality 
pairwise, then every autoequivalence of the category C is isomorphic to an 
automorphism. 

Proof. Let : C ^ C be an autoequivalence. For every object A we set: 
Jp[A] = [^(A)]. 

It follows from the general categorical considerations that ^ is a substitution 
on the set of classes of isomorphic objects: its definition does not depend on 
the choice of the representative A in the classes of isomorphic objects. In the 
conditions of the theorem we have a bijection ip^A] '■ [A] '^[A]. Fix these 
bijections. Further, for every object A we set: 

^PiA)=^[A]{A)eTp[A] = [^iA)]. 

Here ip is a substitution on the set Ob C. Since ipi^A) G then ^j^A) and 

f{A) are isomorphic. For every A fix some isomorphism sa '■ V^(^) '^(^)- 
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4>M 



Correspondingly, = SBfii^)Sj^^. Under such a definition, ip is an auto- 

morphism of the category C, the diagram is commutative and (f and ijj are 



Let us apply these general facts to the category 0*^, where is an arbitrary 
variety of algebras. Here for every algebra W = W{X), the class [W] has the 
same cardinality as the initial universal set X^. Hence, we have the following 
corollary. 

Corollary 1. Every autoequivalence of the category 0° is isomorphic to an 
automorphism. 

For every autoequivalence cp we have an automorphism ip with ip = ipoip, 
where (po is an inner autoequivalence. The homomorphism 6 : Aut(0'^) — ^ 
Aut°(0°) is always surjective. 

It is easy to understand that Theorem ^ admits a generalization. Every 
equivalence of different categories 0? and 0° is naturally isomorphic to an 
isomorphism of these categories. If 0^ and 02 are equivalent, then they are 
isomorphic. 

Fix an arbitrary object Aq in every class [A]. This gives the full subcategory 
in C. Such a subcategory is considered as the skeleton of the category C, 
denoted by C. The category C can be represented also as a category of classes 



An autoequivalence (p : C ^ C is called special if (p[A] = [p>{A)] = [A] for 
any A. This means that the objects A and v^(v4) are always isomorphic. 



isomorphic. 



□ 



[A]. 



Theorem 6. If (p is a special autoequivalence, then it can be represented as 
ip = ipo'P'i, where ipo is an inner autoequivalence and ipi is an automorphism 
which does not change objects. 
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Proof. We do not use here the previous theorem and the axiom of choice. First 
we build an inner autoequivalence ipo, setting <^o(^) = V'(^) for every object 
A. Then we fix an isomorphism sa '■ A ^ = Voi^)- For p : A ^ B we 

set 

Vo{i^) = sbJ^s^^ : ipo{A) (po{B). 

Here (po is a functor and (fo ~ Ic- Solving the equation (p — (fio(fi with respect 
to (fi, we set (pi{A) = A for every A. For u : A ^ B the equality (p{i') = 
LpoLpi(i') should hold; here we have Lpi{v) : A ^ B and Lp^Lpi^v) = sb'^i{i^)s^^ . 
Setting (pi{i') = s'^(p{u)sA-i we find the automorphism <^i, which solves the 
equation. □ 

4.2. Geometrical coordination. Let us pass to the notion of geometrical 
coordination of algebras, generalizing geometrical similarity. 

Definition 6. Let the algebras Hi and H2 be given in ©, ©1 = Var(ifi), 
©2 = Var(if2)- The algebras Hi and H2 are called coordinated if 

1) There exists an equivalence of categories : ©^ — >■ ©2 and : ©2 — >■ ©5 

2) For the pair (93, ij]) there exist embeddings: 

a{^)w : CIhAW) ^ CIhMW)), W e Ob©?; 

a{^)w ■■ CIh,{W) ^ ClH.mW)), W e Ob©°. 

3) The functions a{ip) and a{ip) commute with the corresponding p. 

It follows from the third condition that, in particular, if 1^ e Ob©? and 
T is an ifi-closed congruence in W, then ip(pw{T)) — p^(w){a{(p)w{T)). As 
above, we deduce formulas for the corresponding W and T : 

In the proofs that follow, we sometimes take into account the univalencity 
property of the functors (f and ip. 

Note that from the definition follows that the transitions 
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q;(^) : 01^2 C^Hi ip- 
turn out to be natural transformations of functors. 

Proposition 10. //(/?: ®2 isomorphism of categories and ip — 

(p~^, then the coordination of the algebras Hi and H2 means that these algebras 
are similar. 

Proof. We need to check that in the conditions above 

is a bijection, and 

is the inverse bijection, W G ©5- 

Take W e Ob ©^ and an i^i-closed congruence T in W. Then 

where a{ip)w{T) is if2-closed congruence in (p{W). Applying t/j — cp^^, we get 
Pw{T) = 'ilj{p^^w){a{(p)w{T)) = pw{a{i')<p(w)Oi{ip)w{T)). 

Hence, T = a{ilj)^(^w)<^{v)w{T). 

We get a similar result if we take W G Q2 T is an if2-closed congruence 
in W. 

Evidently, the coordination relation of two algebras is reflexive and symmet- 
ric. Transitivity follows from the considerations below. 

Let the algebras Hi, H2 and H^ be given in the variety ©. Correspondingly, 
©1 = Var(i7i), ©2 = Var(i72), ©3 = Var(i73). Let the pair of functors </?i : 
©? — > ©2 and -01 : ©2 ®i determine coordination of the algebras Hi and 
i?2, and another pair (/?2 : ©2 — ©3, '02 : ©3 — ©2 determines coordination 
for H2 and H^. 

We have ^ = <p2'Pi : 0? ^ and ip = i}jii}j2 : ©?. Check that the 

pair {(p,ip) determines coordination of the algebras Hi and H2. 
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Calculate a{ip2fi) and a{ipi4'2)- Take W G Ob 65, and let T be an i/i-closed 
congruence in W. Let us consider the congruence 



We have (compare Proposition [T0|) (pi{pwiT)) = p,p^(^w)ic(i^i)wiT)), where 



a{ipi)w(T) is an if2-closed congruence in (fi{W). Further, 

Applying r^^viiw) we get a{(f2'fi)wiT) = a{Lp2)MW)0^iVi)wT. Here the con- 
gruence a{ip2(pi)wiT) is an ifs-closed congruence in {p2(pi{W), since a{ipi)wiT) 
is an if2-closed congruence in (pi{W). We have an inclusion 

Similarly, we calculate a{ipii'2)w(T) for W G Ob 63, where T is an i^s-closed 
congruence in W. This gives an embedding 

Commutativity of a and (3 is evident. This gives the corresponding transitivity. 

□ 

Proposition 11. Let Var(iJi) = Var(i72) = ©, O'lT'd (v^, ^) be an autoequiv- 
alence of the category B°, and Hi and H2 he coordinated algebras in respect 
to {4>,ip). If this autoequivalence is inner, then Hi and H2 are geometrically 
equivalent. 

Proof. The proof is similar to that for geometrical similarity. We take into 
account univalencity of the functors (p and ip- D 

4.3. Decomposition of similarity and coordination relations. Let the 

pair of functors {^,1^) determine coordination of the algebras Hi and H2, and 
there is a decomposition ip = v^oV^i, = V'lV'o- Assume also that there is an 
algebra H such that the pair {(fi,ipi) determines coordination of the algebras 
H and Hi. We want the pair {ipo, ipo) to determine coordination of the algebras 
H and H2. 
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We solve this problem of decomposition of coordination relations in the 
conditions: 

1) Var(//i) = Var(//) = Var(//2) = ©■ 

2) (/?! — t/ji — where ( is an automorphism of the category 0°, 
determining similarity of the algebras Hi and H. 

3) The automorphism ( does not change objects. 

The next proposition is valid under the conditions (1) - (3). 

Proposition 12. Let the pair (v^, V^) determine coordination of the algebras Hi 
and H2, = foCj = C~^'^Oj <^''^d the automorphism ( determine similarity 
of the algebras Hi and H. Then the pair {'fo,'4'o) is an autoequivalence of the 
category 0°, determining coordination of the algebras H and H2. 

Proof. Taking into account conditions, consider 

We have an embedding a{(p)w '■ C\hi{W) C\h2{^{W)). Besides, ip{W) — 
(po{W). We have also a bijection a{C)w : C\h,{W) C\h{W). 

Let now T* be an arbitrary i?-closed congruence in W, T* e C\h{W). We 
take T* ^ a{C)w{T), Te C\h,{W). Then 

Thus, we have an embedding a(v7o)vF : GIh{W) —>■ ClHii^oi^))- 
We then work with = (^^i/jq. 

For every algebra W e Ob 6° we have an embedding a{i/j)w '■ Cln^iW) — > 
CIhMW)). Here, ^jJ(W) = M^), ^0 = (-0- Further, 

Let now T e Cln^iW). Then a{j/j)w{T) e C\h,{^{W)) = C\h,{MW)). 
We have also a bijection a{C)^^^(^w) '■ C\H-t^{^po{W) Cli^(-(/'o(W^))- Hence, 
a{ilJo)w{T) = a{()^„(w)a{'ip)w{T) and a{ipo)wiT) e C\H{ipoiW)). This means 
that there exists an embedding a{ipQ)w '■ C^H2{^) ~^ ClHiipoi^))- 
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Note further that the pair {ipo, ipo) is an autoequivalence of the category 0°. 
We have: 

cpilj = (^oCC~Vo = ^0^0 ~ leo 
V"/^ = C Vo</?oC ~ leo and Vo'/'o ~ le"- 
Besides, we have checked that there are embeddings 

a{iJo)w ■■ C\H,m ^ C\h{MW)). 

It is left to check coordination of the mappings a((/9o)iy and Q;('?/^o)vy with 
the function j3. Let Wi and W2 be objects in 0° and T a congruence in 14^2- 
Denote l3wi,W2{T) — (3, and let a{i^)w2{T) = T* be a congruence in <^(VF2). 
Denote (5* = P^{Wi),^{W2){T*). 

We consider T to be an ifi-closed congruence in 1^2- Then T* is an H2- 
closed congruence in </?(VF2)- Under these conditions = (3*. We will re- 
peat the similar calculations for ipQ. Proceed from ip = (po( and a{(p)w2 = 
a{ipo)w2(^{C)w2- Let now T be an i7-closed congruence in 14^2, T = a{()w2(Ti) 
where Ti is an ifi-closed congruence in W2. We have a{ip)w2{Ti) = a{ipo)w2{T). 
Besides, ip{Wi) = M^i), ^(^2) = (^0(^2). Then 

P<Po{Wi),<po{W2){o^{^o)w2{T)) = P<p(Wi),<p{W2){o^{v)w2{Ti)) = (p{PwuW2{Ti)). 

We need to check that ip{Pwi,W2{Ti)) = ^o{Pwi,W2iT)). Here T = a (C) 1^2(^1 )• 
The functor ( is coordinated with (3. Hence, 1^2(^1)) = Pwi,W2{(^{0w2{Ti)), 

and Ti is an i^i-closed congruence in W2- Applying (po, 

VoCWwuW2iTi)) = (poif3wuW2ioiiC)w2iTi)) = (poif3wuW2iT)) ■ 

This gives ip{/3wi,W2iTi)) = (poi/3wi,W2iT)). Finally, P^oiWi),MW2)(^Mw2{T)) = 
'fo{Pwi,W2iT)). We have checked coordination of ipo and p. 

Let us pass to ipo and -00 = C'0- Use that the functors ( and -0 commute 
with p. Take once more the objects Wi and 1^2 in 0°, and let T be an H2- 
closed congruence in W2. We have 'ijj((3wi,W2(T)) — /3v,(Wi),v>(W2)(q;(V')w2(^))- 
Applying C, we get 

iIjo{PwuW2{T)) = C{f^i;{Wi)MW2)i<^ii')w2{T)) = 
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We have also checked correspondence of ■0o and p. Thus, (po and ■0o determine 
geometrical coordination of the algebras H and H2. The proposition is proved. 

□ 

5. Isomorphisms and equivalences of categories of algebraic 

SETS 

5.1. Correctness. Define first correct isomorphisms and correct equivalences 
under the conditions Var(ifi) = Var(if2) = ©■ Every isomorphism 

F : Ke{H,) ^ i^e(^2) 

is in one-to-one correspondence with the isomorphism 

$ : Ce{Hi) ^ Ce{H2). 

The category of affine spaces Kq{H) is a subcategory of Kq{H). 

Correctness of an isomorphism F assumes that F respects the categories of 
affine spaces, that is F induces 

F' : Kl{H,) K%{H,). 

Correspondingly, $ induces an automorphism of the category 0° 

: e° ^ e°. 

Recall that the category 0° is a subcategory in Cq{Hi) and Cq{H2). The equal- 
ity F(Hom(VF, ifi)) = Hom((y9(W^), if2) always holds true. Besides, suppose 
that for every object {X, A) of the category Kq[Hi), the equahty F{{X, A)) — 
{Y,B), where B is an algebraic set in the affine space Hom(l^(y), i?2), and 
W{Y) = ^p{W{X)) holds. 

This definition of correctness of isomorphism is quite natural and in the 
sequel, isomorphism of categories means correct isomorphism. 

Note that it follows from the definition that if : W{X) W{X)/T is a 
natural homomorphism in the category Ce{Hi), then a natural homomorphism 
: (p{W) ip{W)/T* in Ce(i^2) corresponds to this [33]. 
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Let us now pass to the correct equivalence. We have 

F,:Ke{H2)^KeiH,). 

The pair of functors (^1,^2) determines the equivalence of categories. Simul- 
taneously, we have an equivalence 

$1 : Ce{H,) ^ CeiH^), 

$2 : Ce{H2) ^ Ce(ifi). 

As we have done above, we assume correspondence of the functors with the 
categories of affine spaces and, subsequently, with 6". In particular, the pair 
($1, $2) induces autoequivalence of the category 9°. The functors : 0° — > 0° 
and ip : <d^ are relatively mutually inverse. Here, as before, the functors 

$1 and $2 are coordinated with natural homomorphisms. 

5.2. Isomorphism and equivalence of categories. The following two the- 
orems are of universal character; they relate to arbitrary varieties 0. Their 
usage assumes knowledge of the structure of automorphisms and autoequiva- 
lences of categories 0° in various special situations. 

Theorem 7. The categories Kq{Hi) and Kq{H2) are isomorphic if and only 
if the algebras Hi and H2 are geometrically similar. 



Proof. See |31|. □ 



Theorem 8. The categories Kq{Hi) and Kq{H2) are equivalent if and only 
if the algebras Hi and H2 are geometrically coordinated. 

Proof. Let, first, Kq{Hi) and Kq{H2) be (correctly) equivalent. We use the 
equivalence 

$ = $i:Ce(i/i)^Ce(i^2), 
^ = $2 : Ce{H2) ^ Ce{Hi). 
This pair induces the autoequivalence 

: 0° ^ 0°, tfj-.e^^ 0°, iptfj ^ Iqo ^ tfjip. 
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Check that the pair {(f, determines coordination of the algebras Hi and 
H2. Take functions and «(■?/'). Let T be an iJi-closed congruence in W, 

W G ObG". Consider a natural homomorphism n : W ^ W/T. It is a mor- 
phism in Cq{Hi) with a corresponding natural homomorphism $(/^) : f{W) — > 
ip{W)/T*. The congruence T* is if2-closed and uniquely defined. 

Setting a{cp)w{T) = T*, we have a{cp)w : CIh,{W) CIhMW)). Simi- 
larly, a{^lj)w : CIh,{W) ^ ClnMiW)). 

Now we need to check commutativity with the function /3. Take Wi, W2 G 
Ob0°. Let T be an ifi-closed congruence in W2. Consider a natural homomor- 
phism fiT '■ W2 W2/T. For Si, S2 : Wi W2 the relation Sij3wi,W20^)'''2 holds 
if and only if the equality ^t^i = ^tS2 takes place. Rewrite in these terms 
the corresponding commutativity condition. Given jirSi = fJ'TS2, apply $ to 
the equality above and get ^{iit)<p{si) = $(/iT)<^(s2)- Denote ^{fJ^r) = fJ-T* '■ 
(p{W2) ip{W2)/T*. This is a natural homomorphism with T* — a{ip)w2{T)- 
We have iiT*fisi) — lJ>T*(p{s2)- This is equivalent to 

'P{si)P^iWi),^{W2){T*)(p{s2), (* * **) 

and siPwi,W2{T)s2 implies 

^{si)l3^(Wi)MW2)i(^if)w2{T))(p{s2). 

Let now fiT*s[ = fj,T*S2 hold for s[, S2 : fiWi) (p{W2)- Using univalencity 
of the functor if, find Si, S2 : M^i with (f{si) — s[, (f{s2) — Then 

^{IIt)(P{si) = ^{lJ,T)(p{s2y, 

^{iitSi) = $(A*rS2)- 
Using univalencity of the functor $, we conclude: fir-'^i = /UtS2- Hence, the 
condition s[l3^(Wi),ip{W2)(T*)s2 holds if and only if s[ = (p{si), S2 = ip{s2) and 
si(^Wi,W2{T)s2. This means exactly that 

v{PwuW2{T)) = P<f{Wi),ip{W2)iT*) = P<f{Wi),ip{W2){(^{v)w2{T)). 

The commutativity condition for a and (3 is checked. 
The proof for the functor ijj : ^ is similar. 
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We have proved that the algebras Hi and H2 are geometrically coordinated. 
Prove the opposite. 

Let the algebras Hi and H2 be geometrically coordinated. Prove that the 
categories Kq{Hi) and Kq{H2) are correctly equivalent. It is sufficient to 
prove this for the categories Cq{Hi) and Ce(i?2)- 

Proceed from the autoequivalence (/? : ©° ^ 0°, ^0 : ©° ^ ©° and the 
corresponding functions «(</?) and a{%l)). 

For every 1^ e 0° we have the mappings 

a{^)w:C\HAW)^C\H,{^{W)), 

a{^)w:C\H,{W)^C\HmW)). 
Define the functors $ : Ce(^i) ^ (^©(iJa) and ^ : 6*0(^2) ^ (^©(//i) with the 
conditions \E'$ ~ lce(-ffi) and $^ ^ lce(-ff2)) determining correct equivalence 
of the categories CQ(^Hi) and Cq{H2). 

Start with the definition of Take an arbitrary object W/T, in Ce(-f^i), 
T e CWi(iy). Take T* = a{(p)w{T). It is an //2-closed congruence in (^(W^). 
We set: ^W/T) = It is an object in the category Cq{H2). Define 

further $ on the morphisms. Let the morphism a : Wi/T ^ W2/T2 be given 
in Ce{Hi). This a determines a commutative diagram 

Wi W2 



MT2 



Wi/Ti -^-^ W2/T2 
Here s is not determined uniquely by cr, but it induces a,^ = a. and jix^ 
are natural homomorphisms. 
Let us consider the diagram 



^(Wi)/T* ^{W2)/T* 
where //r* = '^(a*Ti), I^'T* = ^{1^X2))- We want to define $(cr) to make the 
diagram be commutative. 

We want to check that Lp{s) induces a morphism Lp(Wi)/T^ ip(W2)/T2. 
Check first that if wi, W2 G ^{Wi) and wiT^W2, then ip{s){wi)T2(p{s){w2) ■ Take 
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P* = pip{Wi)Ti. Let /X, /i' G End(v9(W^i)). Take further v.u' G End(W^i) 

with ^{v) = fi, ^{v') = p' ■ As before, we have vpv\ where p = pwi(Ti). For 
every w G Wi, we have w^Tiw"' . This means also that pxii^ = Pt^^' ■ Applying 
the initial diagram, we get w'^^T2w'^'^. We use now that a and P commute. The 
definition of geometrical coordination of algebras (commutativity of a and /5) 
imphes w^^"'^T*w'^''''''^ for every w G (fi{W2). We have: 



We can find w such that = Wi, w'^' — W2, which leads to ip(s)(wi)T2 (p{s){w2) ■ 



Hence, (p{s) induces a homomorphism (p(s) : (p{Wi)/T^ (^(^^2)22*. We set 



$((7) = = (p{s). 

We need also to check that this definition of does not depend on the 
choice of s with s — a. Take Ptz^i — crpT^ — Pt2S2- For every w E Wi, 
we have iit2Si{w) = iit2S2{w) and w^^T2W^'^. For every w G (p{Wi) we have 
^¥'(si)y*^¥'(s2) 'pjjjg follows from the commutativity with the function (3. Si- 
multaneously, Pt*^{si) = Pt*^{s2)- Take, further, an arbitrary 

w G ip{Wi)/Tl, w = ^^^2% w G 

Then 



Hence, (^(si) = ^^(ss) = We have defined ^a) : ^Wi/Ti) $(^^2/^2 

for an arbitrary a : Wi/Ti — ^ 1^2 /72- 

Check that $ carries the multiplication of morphisms. 

Let a commutative diagram 



Wl W2 W. 



Mi=MTi 



l^2=IJ.T2 



3 



M3=MT3 



W,/T, 1^2/^2 W^3/T3 



□ 
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be given in Ce{Hi). Apply $ : 



H3=Ht* 



3 



Prom the first diagram we have S1S2 = si 82] from the second one, we have 



It is also clear that $(1) = 1. Thus, the functor $ is built and it induces 
: e° ^ e°. Similarly, we build * : Ce(H2) Ce{H{) by V', which also 
induces : ©° — > ©°. It is left to check that $ and ^ give equivalence of 
categories. 

We need to check that the product ^$ = $o is an inner autoequivalence of 
the category Cq{Hi), and = ^'o is an inner autoequivalence of the category 
Ce{H2). 

First fix i/jcp = cpo : Q'^ ^ Q'^ and iftjj = ■?/'o : 0° — ^ 0°- These are inner 
autoequivalences. Let (fo relate to the isomorphism s : leo <fo a-nd ipo 
is defined by the isomorphism s' : Iqo — > ipQ. Extend these s and s' up to 
S : lce(i^i) ~^ ^0 and 5" : lce(i^2) ~^ ^o- Since the autoequivalences (fo and 
■00 are inner, then for every W e Ob ©° and the congruence T in we have 
o:{'^o)w{T) — swT, a{il)o)w{T) = s'-^^T. The isomorphism sw '■ W ^ ^o{W) 
now induces the isomorphism 

sw : W/T ^ MW/T) = MW)/T*, 

where T* = a{(po)wiT). We have ipo — ip(p. Further, use a{^jj(p)w{T) — 
(^{i')^{w)C({^)w{T). By definition, 

^W/T)^ip{W)/aiip)wiT); 

MW/T) = ^^W/T) = ^(v9(iy)/a(<^)H^(T)) = i,^{W)/a{2P)^^wM^)w{T) 

Thus, ^^{W/T) = ^pip{W) /a{tlj(p)wiT) and, simultaneously, we have an iso- 
morphism : W/T — > "^^^W/T). Here W/T is an arbitrary object of the 
category Ce^{Hi)- 
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Define now the function S by the rule Sj^y := Iw, = W/T. Check that 
this defines the isomorphism of functors S : lce(J?i) ~^ = "^o- 

Let the morphism a : Wi/Ti W2/T2 be given in Cq{Hi), with the corre- 
sponding commutative diagram 

Wi W2 

Wi/Ti W2/T2 

We need to check that 

W2/T2 ^>^{W2/T2) 

holds. Here Wi = Wi/Ti, W2 = W2/T2). 

Apply the functor to the previous diagram. 

^l^^iW,) i;^(W2) 



^^Wi) -^^^ ^^W2) 



Here "^^{a) = ip(p{iy). It does not depend on the choice of the representative 
u. For u : Wi — > W2 we have 



Wo 



SW2 



For Ti from Wi and T2 from W2 there hold the following rules: 

V^a: Wi/Ti ^ W2/T2, 

s^,:W2/T2^^<l>{W2/T2), 



Now we check commutativity of the diagram 



W2IT2 



ij^{Wi)/a{i,^)wJi) 
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Rewrite the diagram in the following way: 




^l^ip{Wi)/^l^ip{W,)/sw,Ti 



V 




But this diagram directly follows from the diagram for u : Wi W2- We 
take Wi G Wi and act according to the rules above. Thus, we have checked 
coordination of the function S : lce(i^i) ~^ with the morphisms of the 
category and S : lce(-ffi) ~^ is an isomorphism of functors. We repeat 



lce(-ff2) ~^ Correctness of the equivalence of the categories Cq{Hi) and 
Cq{H2) follows from the fact that $ induces </?, ^ induces '4> and, by definition, 
$ and ^ are coordinated with the natural homomorphisms. The theorem is 
proved. 

We will apply this theorem for the cases of the varieties Com-P, Ass-P, and 



6. Automorphisms and Autoequivalences of Categories of Free 



6.1. The general problem and relation to main problems. We are in- 
terested in automorphisms and autoequivalences of categories of the form O'^, 
where 0° is a variety of algebras. The form of such automorphisms and au- 
toequivalences determines the peculiarities of the similarity and coordination 
relations. We have already seen that if all automorphisms of the category 0° 
are inner, then all autoequivalences are inner as well, and, thus for such © , 
the following conditions are equivalent: 

1. The algebras Hi and H2 in G are geometrically similar. 

2. They are geometrically equivalent. 

3. They are geometrically coordinated. 

Define further semi-inner automorphisms. We consider them in general sit- 
uation. 



the same for ip%l) and s' : 



(fip, thus coming to the isomorphism S' : 



Lie-P. 



Algebras of Varieties 



ALGEBRAS WITH THE SAME (ALGEBRAIC) GEOMETRY 37 

Let O be an arbitrary variety of algebras and G an algebra in 0. Consider a 
new variety, denoted by O*^. Define first the category 0*^. Its objects have the 
form h : G ^ H, where H is an algebra in and h is a morphism in 0. We 
call such objects G -algebras in 0, and denote them by {H,h). The morphisms 
in 0'^ are represented by commutative diagrams in : 

G — ^ H 

H' 

An algebra {H, h) is called faithful if h is an injection. We consider elements of 
the algebra G as nuUary operations and add them to the signature of the variety 
0, thus gaining the variety 0*^. For every set X a free algebra W — W{X) in 
0*^ is represented as free product 

iG-.G^G* Wq{X) = W{X), 

where Wq — Wq{X) is a free algebra in over X, , iq is an embedding related 
to free multiplication. Here iq turns out to be an injection. 

In the category 0*^, along with its morphisms, consider also semimorphisms. 
They are represented by diagram 

G — H 



G H' 

where a is an endomoprhism of the algebra G. We consider a semimorphism as 
a pair (cr, i^), while a morphism is a pair (1, i^). We consider semi-isomorphisms 
and semi-automorphisms for the objects from 0*^. 

Let us pass to the category (0*^)° of all free algebras W — W{X) in 0*^ 
with finite X. 

Define semi-inner automorphisms of this category. 

Definition 7. The automorphism : (0*^)° (0*^)° is called semi-inner 

if there exists a semi-isomorphism of functors (cr, s) : l(eG)o ip with the 
automorphism a of the algebra G. 
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This means that for every object W of the category (O*^)*^ a semi-isomorphism 
(cr, sw) '■ W '^(W) is fixed, and for every morphism z/ : Wi — ^ W2 we have 

Here '^{y) = (cr, Sw2){^i -^Wi) ~ (-'-' ^W2^Swi) ^ morphism of the cat- 

egory (0'^)°. 

All semi-inner automorphisms of the category (G'^)*' constitute a subgroup 
in Aut(0'-^)°, containing the invariant subgroup Int(B'^)°. 

Varieties of algebras Ass-P and Com-P are varieties of G*^ type. Here is 
the variety of associative rings, with the unit in the first case, and G is the 
variety of commutative and associative rings with the unit in the second case, 
where G = P is a field. The first case assumes that embeddings h : P ^ H 
are embeddings into the center of the ring H. 

Consider the corresponding semimorphisms (cr, s) : H ^ H'. Here s : H ^ 
H' is a homomorphism of rings and s{\a) = X'^s{a), X E P, a E H . 

We consider semimorphisms also in the category of modules Mod- -ft" and the 
category of Lie algebras over a field. These varieties are not varieties of the 
O*^ type. However, semi-inner automorphisms are naturally defined for the 
categories (Mod-i^)° and (Lie-P)". 

Let us quote results from 



1. If = Grp is a variety of all groups, then all automorphisms of the 
category are inner. 

2. If 6 is a variety of all semigroups, then the group Aut(9°) is a direct 
product of the group Int(G°) and a cyclic group of order two. 

3. All automorphisms of the category (Com-P)° are semi-inner. 

4. If the ring K is left-noetherian, then all automorphisms of the category 
(Mod-K)'^ are semi-inner. 

5. If P is a free group of finite rank, then all automorphisms of the cate- 
gory Grp^ are semi-inner. 
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This list of results can be accomplished by the result on Lie algebras (see 
Theorem 10). 

Correspondingly, autoequivalences of categories are described in all these 
cases. 

Recall that every autoequivalence (/? of the category has the form cp — 
(fioC — C'00, where C is an automorphism and (po and ipo are inner. See also 
[10], [11]. 

6.2. Semi-inner automorphisms and autoequivalences. The definitions 
are already given above; now we consider some details. We return to the 
situation O*^. 

To every automorphism a of the algebra G, we construct the corresponding 
semi-inner automorphism a of the category (0*^)°. For every W — W{X) = 
G * Wo{X) we have two embeddings 

iaa : G ^ G * Wq, 

This gives the corresponding endomorphism in © 

aw G *Wo ^ G * Wq. 

We have also an inverse endomorphism and, hence, aw is an automorphism 
in e. 

It is easy to understand that the commutative diagram 

G W 

takes place, and, thus, the pair {a, aw) defines the semi- automorphism of the 
algebra W. 

Let, further, {a, s) be an arbitrary pair, such that for every W e Ob(©'^)° 
a semi-automorphism (a, sw) : W ^ W he fixed. The pair {a, s) defines 
a semi-inner automorphism {a, s) of the category (0"-^)°. It does not change 
objects and for every u : Wi — > W2 we have {a, s){i') = Sw2^s^j^. In particular. 
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if always Sw = <^w, then a semi-inner automorphism of the category (0*^)°, 
denoted by a, corresponds to the automorphism a G Aut(G). 

Consideration of the pair (1, s) leads to the inner automorphism s of the 
category (6"^)°. 

Let us now treat semi-inner autoequivalences. They are defined exactly in 
the same way as semi-inner automorphisms. An autoequivalence ip : (0"^)° —>■ 
j^qG-jO jg semi-inner if it is given by a semi-isomorphism of functors {a, s) : 
1(00)0 (p. 

Show that every such ip can be represented as (p = aipi = (pocr, where (po 
and (pi are inner autoequivalences. 

Let a semi-inner autoequivalence ip be given by (cr, s) : lecjo ip. For every 
W G Ob(0'-^)° we have a semi-isomorphism {a,sw) '■ W — > ip{W). Consider 
also {a, aw):W and (a-^, a^):W ^W. 

Take a product 

(a, sw){<y'\ <yw ) = (1, s^c^^^) : W ip{W). 

Denote s'^y = swcy^. We have an isomorphism s'^r : — ^ V^(W^)- 

Consider a function s' defined by the rule s'^^ = swO'^. The function s' de- 
termines the inner autoequivalence <^o • (6*^)° (0*-^)° acting on the objects 
as ip does: (po{W) = (piW). We have {a,sw) = s'^r){cr,aw) and, corre- 
spondingly, ip = ipQcr. Similarly, we define the decomposition tp = dipi. The 
same considerations are applicable to automorphisms. 

6.3. Application. The following proposition was proved in [0. 

Proposition 13. // the algebras Hi and H2 are geometrically similar and 
their similarity is defined by the semi-inner automorphism, then there exists 
an algebra H which is semi-is omorphic to the algebra Hi and geometrically 
equivalent to the algebra H2- 

The existence of such H means that Hi and H2 are similar. 
We want to prove also a similar proposition for the relation of geometrical 
coordination of algebras, but first let us make an auxiliary remark. 
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Given a G- algebra {H, h) and a G Aut(G), build a new G- algebra {Hi, hi), 
Hi = H, keeping in mind the commutative diagram 

G — Hi 

G H 

Here hi = ha and the algebras {H, h) and {Hi, hi) are semi-isomorphic. 

Proposition 14. (See [7]). The algebras {H, h) and {Hi, hi) are geometrically 
similar, and their similarity is defined by the automorphism a : (0*^)° — >■ 

Recall that we consider the situation Var(/f) = 0*^. In this case, it is easy 
to check that Var(ifi) = 6*^ holds. Besides, the algebras {H, h) and {Hi, hi) 
are faithful G-algebras. 

Proposition 15. Let Var(ifi) = Vai{H2) = Q'^ and let the G-algebras Hi and 
H2 be geometrically coordinated by the semi-inner autoequivalence {ip,ip). Then 
there exists a G-algebra H, semi-isomorphic to Hi and geometrically equivalent 
to H2. In particular, Hi and H2 are geometrically similar. 



Proof. We use Proposition |T2[ Let (p and if) be related to the automorphism 
cr of the algebra G. This means that we can proceed from the decomposition 
(y9 = yjoO", = <5"~"'^^05 where {ipo, ipo) is an inner autoequivalence of the category 
0° and the automorphism a of the category (G*^)" corresponds to a. By the 
given a G Aut(G) take the G-algebra H, semi-isomorphic to the algebra Hi, 
such that a defines similarity of the algebras Hi and H (see Proposition 0). 
According to Proposition [l^, the pair (yjQjV'o) defines coordination of the al- 
gebras H and H2. Since the pair {ipo, tpo) is inner, the algebras H and H2 are 
geometrically equivalent. 

The proposition is proved. □ 

7. Varieties Com-P, Ass-P and Lie -P 

7.1. = Com-P. assume the field P is infinite. The variety Com-P is noe- 
therian and is generated by each of its algebras. Two algebras Hi and H2 
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are geometrically equivalent, if they have the same quasi-identities. Besides, 
semimorhisms are naturally defined in Com-P. It is proved in [0 that every 
automorphism of the category (Com-P)'' is semi-inner. Then every autoequiv- 
alence of this category is semi-inner as well. Now, taking into account the 
previous considerations, we can formulate 

Theorem 9. Let Hi and H2 be two algebras in Q = Com-P. Then the fol- 
lowing conditions are equivalent. 

1. The categories Kq{Hi) and K@{H2) are correctly isomorphic. 

2. These categories are correctly equivalent. 

3. There exists an algebra H E Q such that Hi and H are semi-isomorphic, 
and H and H2 have the same quasi-identities. 

7.2. = Ass-P. First of all, we are interested in automorphisms of the cate- 
gory 0° = (Ass-P)°. In every category we can consider inner automorphisms. 
This category 0*^ has also semi-inner automorphisms. They are defined ac- 
cording to the general approach from Section ^ Let us do it directly. 

If Hi and H2 are two associative algebras over P, then their semimorphism 
Hi H2 is given by the pair {a, u), where a G Aut P, and u : Hi —>■ H2 is a. 
homomorphism of rings. Here, if A G P and a E H, then z/(Aa) = A'^z/(a). 

In Section^ for every G-algebra {H, h) and every a G Aut(G'), we considered 
the G-algebra {Hi, hi) with H and Hi coinciding in 0, and h = hia. The G- 
algebras H and Hi are semi-isomorphic. Now we reproduce this construction 
in Ass-P. 

Let H be an associative algebra over the field P. The embedding h : P ^ H 
is defined by the rule A'^ = A ■ 1 for every A G P. Then A ■ a = A'^ ■ a for every 
aeH. 

Take a new algebra, denoted by for the given a G Aut(P). We set: H 
and H" coincide as rings, and we change multiplication by a scalar 



A o a = A""' ■ a = {X^^'f ■ a = ha-\X) ■ a = ■ a. 
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Thus, the algebra H" is {Hi, hi) in the sense of general construction. The 
identical transformation H determines semi-isomorphism of the alge- 

bras H" and H. Every semi-isomorphism can be decomposed in such a semi- 
isomorphism and isomorphism. 

We call the algebra a u-twisted algebra with respect to H. It is checked 
that if Var(//) = O, then Var(i/^) = O as well. 

Consider further free algebras W — W{X) in © = Ass-P, cf [9]. Denote by 
S{X) a free monoid over X and Sq{X) a free semigroup over X. The algebra 
W = W{X) is a semigroup algebra PS{X). Every element of W{X) is uniquely 
represented in the form 

w — XiUi -\ h \kUk-, A e P, u E Sq{X). 

For every a G Aut(P) denote by aw : W ^ W a. mapping, defined by the rule 

aw{w) = Aq + XiUi H h X^Uk- 

Here is an automorphism of rings and the pair (cr, aw) defines semi- 
automorphism of the algebra W. 

This definition corresponds to the general definition given above. 

Denote by a a function, choosing aw — crw for every W. The pair {a, a) 
defines a semi- inner automorphism a of the category 0°. Here a does not 
change objects, and for every i/ : VFi — > W2 we have 

a{u) = aw2 -1^ -CTwi '-^i ^ ^2- 

An arbitrary semi-inner automorphism (p of the category 0° is defined by the 
semi-isomorphism of the functors 

{a, s) : l0o (f. 

Such a is represented as = (foa = a(pi, where ipo and (pi are inner auto- 
morphisms, and <fo(W) = <p(W) = ipi{W) for every W. 
We have also semi-isomorphism 

{a,sw):W^ifiW). 

For v : Wi — >• W2 we have (p{i') = Sw2 " " s^-^. 
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Consider further a mirror automorphism of the category (Ass-P)*^. This 
notion relates to the idea of antimorphism in the category Ass- P. First consider 
antihomomorphisms of semigroups. 

A mapping of semigroups /i : Si ^ S2 is called an antihomomorphism if 
li{ab) — ii{b)ii{a), a,b & Si. 

Let now S — S{X) be a free semigroup. For every u — Xi^ . . . xi^ in S 
take u — Xi^ . . .Xi^. Then the transition — > is an antiautomorphism of the 
semigroup S. Indeed, let u — Xi^...Xi^, v — xj^ . . . xj^. Then 

U ■ V — Xij^ . . . Xi^Xj^ . . . Xj^ — Xj^ . . . Xj^Xi^ ■ ■ - Xi^ — V ■ u. 

If now Hi, H2 are associative algebras over the field P, then the mapping 
/X : ifi — > i?2 is an antihomomorphism of algebras if fi is correlated with 
addition and multiplication by a scalar, and ii{ab) — fj,{b) ■ ii{a) for a,b & Hi. 

For an arbitrary algebra H take an opposite algebra H*. The sets H and 
H* coincide, H and H* coincide also as vector spaces, but multiplication in 
H* is defined by the rule a o b — b ■ a. An identical mapping H ^ H* here is 
an antiisomorphism of algebras. 

Let now W = W{X) = PS{X) be a free associative algebra. 

For every its element w = Ao+Ai-Ui+- ■ ■+XkUk take w = Xo+\iUi+- ■ ■+XkUk, 
and show that the transition w — > w is an antiautomorphism of the algebra 
W. 

Given wi — ao + aiu + ■ — h otkUk and W2 — Po + PiVi + ■ — h P^v^, we have 

W1W2 = y^^ai(3jUiVj, 

W1W2 = ^ aiPjl^vJ = ^ PjaiVj ■Ui^W2-wi. 

Correlation with addition and multiplication by a scalar are also evident. 
Now we consider the mirror automorphism of the category ©° = (Ass-P, )° 
denoted by 5. This 5 does not change objects. Let the homomorphism u :Wi = 

W{X) W{Y) = W2 be given. Define 6{u) ■.Wi^W2 by 6{iy){x) = U{x) for 
every x E X. Further we need additional calculations. 
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Let G 5*0 (X). Consider 
5{iy){u) ^S{u){xi,)...S{u){xiJ ^iy{xi)...u{xij ^u{xij ...u{xi^) ^v{u). 
If now w — XiUi H h AfcMfc G W{X), then 

5{v){w) = Ao + Ai5(i/)(mi) H h XkS{u){uk) = Aq + Aii/(tii) H h Xki^{uk) 

= i/(Ao + AiTZi H h AfeiTfe) = 

Hence S{iy){w) = iy{w). Assume now that u — ui : Wi ^ W2 and 1/2 — W2 ^ 
Ws are given. Check that (5(z>'2'^i) = S {1^2)5 (i^i)- Take an arbitrary x E X. Then 

5(1/2) • S{Ui){x) = 5(1/2) (z/l(x)) = Z/2(i^l(a;)) = Jy2T^l{x) = (5(z/2Z/l)(x). 

It is also clear that 5(1) = 1, and, thus, 5 : ©° — > ©'^ is a functor. Since 
5^ — Iqo, then 5 is an automorphism. 

Here S is not inner and is not semi-inner, but is quasi-inner. Besides, if 
lnt(0°) is a subgroup in Aut(0°), consisting of semi- inner automorphisms, 
then 6 belongs to the normalizer of this subsemigroup. 

Denote hj 1] a function, giving an antiautomorphism rjw of the algebra W 
by rjwiw) — w for every W — W{X). Show that 5(i/) = r]w2 • ^ ■ Vwi holds for 
every u :Wi^ W2. Take an arbitrary x e X,Wi^ W{X). Then 

for every x E X. Hence, 5(i/) = rjw^ " " Vwi- checked that 5 is quasi-inner 
in this sense. 

Proposition 16. The automorphism 6 belongs to the normalizer of the sub- 
group m Aut(0°), consisting of semiinner automorphisms. 

Proof. Let, first (f be an inner automorphism, defined by the isomorphism of 
functors s : Iqo ^ cp. We have 5^ = leo, — 5. Consider 5(fi5 and apply it 
tou:Wi^ W2. Then 

5(p5{u) = S{(p{5{u))) = 5(5^^2 5(i/)s^J = 

Thus, 6ip6 is an inner automorphism, defined by the isomorphism 6{s) : Iqo 
5ipd~^, where 6{s) is a function defined by d{s)w = S{sw)- In the case of 
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semigroups wc have S{sw) = sw, where 6Lp6 = if. In our situation this is not 
true, and 5Lp5 ^ (p. Indeed, if sw{x) = Aq + AiUi + ■ ■ ■ + Afe-u^, where all Ui 
depend on many variables, then 5{sw){,x) = sw{x) ^ sw{x). 

Let further a e Aut(P). Consider the automorphism a of the category 0°. 
Show that a and 5 commute. Proceed once more from v : Wx ^ W^-, and 
check that af>{v) = ba{v). Let = W^(^), x e X Then 

a{6{iy)){x) = aw2Sii^)(T^\ix) = aw2S{i^){x) = aw2{i^{x)). 
Let = Ao + Ai^i + • • • + Xk'U'k- Then 

aw2S{i^){x) = cTvyj (Ao + Xiui H h XkUk) = K + A?«i H \- K^k- 

Here all Ui are elements of 5*0 (F), W2^W{Y). Now 

5a{v){x) = 6{aw2i^Sy^,\){x) = aw2^(^w^{x) = 

(7w2(Ao + XiUi H h XkUk) = + A^iii H h A^iife = Ag+A^TZiH hA^TZ^. 

The proposition is proved. □ 

Corollciry. If (p belongs to a subgroup generated by semi-inner automorphisms 
and the automorphism 5 then (p is either a semi-inner automorphism, oy — 
ipo6, where (po is a semi-inner automorphism. 

Problem 6. Whether it is true that the group Aut(Ass-P)° is generated by 

semi-inner and mirror automorphisms? 

Problem 7. Let F — F{X) be a free non-commutative Lie algebra. Whether 
it is true that every automorphism of the semigroup End F is semi-inner? 

The similar result for the category of free Lie algebras is proved. 

Let us pass to the geometrical problems. For every free algebra W consider 
its antiautomorphism rjw '■ W W, rjwiw) = vj. It is clear that if T is an 
ideal in W, then its image riw{T) = T* is also an ideal, and w e T* if w e T. 
Check that a{d)w{T) = T*. 
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Take p = pwiT) and p* = pwiT*). Verify that p* = 5{p). Let lypu' hold. For 
every w E W and Wi = w E W we have u^w) — u'^w) e T; 

5(i/)(u') — S{i''){w) — 1/(11]) — v'{w) — 1/(11]) — i/'{w) e T*. 

Therefore, S{u)p*S{i/'). 

Let now fip*/!'. Take /i = /i' = (^(i^')- We have 5{u){w) - 5{u'){w) = 
i/(lZJ) — u'{w) e T* for every w eW,m which case u{w) — u'{w) e T, i/pi/'. The 
equahty 6{p) — p* is verified. Further, 

a{d){T) = Tw{S{pw{T)) = Tw{S{p)) = tw{p*) = T*. 

Proposition 17. Let the algebras Hi and H2 be antiisomorphic. Then they 
are geometrically similar, and similarity is defined by the automorphism S : 

e° ^ e°. 

Proof. Let p : Hi ^ H2 he an antiisomorphism. Consider the commutative 
diagram 

Hi Hi 

where JI is an antiisomorphism defined by the antiisomorphism p, and 1/, 1/' are 
one-to-one corresponding homomorphisms of algebras. Prove now that if T is 
an ifi-closed ideal, then T* is if2-closed, and vice versa. 

An injection W/T — > H( can be substituted by a homomorphism u : W ^ 
H[ with the kernel T. It is easy to see that T is Ker(i/) if and only if T* is 
Ker(i/'). Hence the embedding W/T — > H( defines the embedding W/T* — > 
Hi, and vice versa. 

It is left to check that 6 and the function /5 commute. It is done in the same 
way as for d{p) = p*. □ 

We call the algebras Hi ad H2 almost geometrically equivalent if there exists 
a sequence Hi, H, H', H2 such that Hi and H are antiisomorphic or isomorphic, 
H and H' are semi-isomorphic, and H' and H2 are geometrically equivalent. 
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We can now state that if Vai{Hi) = Vax{H2) = Ass-P and Problem 6 about 
automorphisms of the category (Ass-P) is solved positively, then the following 
conditions are equivalent: 

1. Categories Kq{Hi) and Kq{H2) are correctly isomorphic. 

2. They are correctly equivalent. 

3. Hi and H2 are almost geometrically equivalent. 

This is the main conjecture. Let us discuss the statement in more detail . 
Let the algebras Hi and H2 be coordinated by an autoequivalence (y?, ip) of 
the category 9°. Assume that ip = ipocr6, ip = 6~^^^''^^po, where {ipo,ipo) is an 
inner autoequivalence. For 6 take an algebra H, opposite to Hi. The algebras 
H and Hi are similar in respect to 6, and H and H2 are coordinated with 
respect to {ipoCTja'^ipo) (Proposition |12]). Take an algebra H' by H, which is 



(j-twisted with respect to H. The algebras H and H' are similar with respect 
to (J, H' and H2 are coordinated with respect to {ipo, ipo). Since {ipo, ipo) is an 
inner autoequivalence, H' and H2 are geometrically equivalent. 



7.3. Variety of Lie algebras Lie-P. The following theorem is proved in [24 



Theorem 10. Every automorphism of the category of free Lie algebras is semi- 
inner. Every autoequivalence of this category is semi-inner as well. 

Consider an application of this theorem. 

For every Lie algebra H and every automorphism a of the field P consider 
a Lie algebra H'^, coinciding with if as a ring, while the multiplication by a 
scalar is defined the new rule: 

X o a = X'^ ^ ■ a; Xa = X" o a. 

The identity mapping H H'^ is a semi-isomorphism of algebras. 
The following theorem takes place: 



Theorem 11. LetVax{Hi) = Vax{H2) = Lie-P. Then the following conditions 
are equivalent: 

1. The categories K@{Hi) and Kq{H2) are isomorphic. 



ALGEBRAS WITH THE SAME (ALGEBRAIC) GEOMETRY 



49 



2. These categories are equivalent. 

3. The algebra is geometrically equivalent to the algebra H2 for some 



Proof. Prove first that for any algebra H tlie algebras H and are geomet- 
rically similar with respect to an automorphism a : 0" — B°; B = Lie- P. 

Define the automorphism a. Let W — W{X) be a free Lie algebra over P 
with finite X. Define for it a semi- automorphism uw '-W^W. Apply aw to 
an element w & W. We define the action of aw inductively. Set: aw{x) — x 
for every x & X . li w — wi ■ W2, then awiw) — awiwi) ■ aw{w2)- Analogously, 
ii w — wi + W2, then awiw) — crw{wi) + awi'W2)- If, finally, w — Xwi, A e P, 
then aw{w) = ■ awiw). It can be verified with the help of the suitable 
basis in W that this definition is correct. The pair (a, aw) determines a semi- 
automorphism of the algebra W. 

Set further: a{W) = W for every W G Ob0° and aiu) = aw2^crwi 
V : Wx — > W2- This defines the semi-inner automorphism a : G° ^ 0". 

We could not define here a via the general approach, applied to varieties of 
type, since the variety Lie-P is not of such type. 

Let us now link homomorphisms W ^ H and W — > H'^. Take ji — v* : 
W — > H"^ corresponds to v -.W ^ H hy the rule ii{aw{w)) — iy{w), w e W. 
Here fxaw — 1^ — i^f^w 1 l^i'^) — ^{'^w'^)- ^^^^ mapping fj, is coordinated 
with the operations of the ring. 

Check now that is a homomorphism of algebras. Indeed, 



pi{Xw) = u{a^\Xw)) = u{X''-'a^\w)) = X--'u{a^\w)) = A^^-^H = Xopi{w). 



We have also: w e Keru if and only if aw{w) € Ker /i. If A is a set of 
//-points, A C Hom(W^, H), then a set A* of //'"-points. A* C Hom(iy, //'"), 
corresponds to A. 

Let now T be an ideal in W. Denote by awT an ideal in W, consisting of all 
awiw), ty e T. It is clear now that 



a e Aut(P). 
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This means that the ideal T is if-closed if and only if the ideal awT is H'^- 
closed. 

Check that the transition T —>■ T* = awT is coordinated with the function 
P ioT (p — a. 

Take algebras Wx and W2 in Ob©°. Let T be an ideal in W-i. Denote /3 = 
/3wi,W2(7'), /9* = ^w^^^^'(^*) for T* = ow^i^)- We need to check that 

s^s' ^ a{s)/3*a{s') 

for s, s' : 1^1 ^ W2. We have 

a{s) = aWiSCT^^, a{s') = awis'a^^- 
Take an arbitrary w eWi and consider a difference 

a{s){w) - a{s'){w) = awAs{(T^\{w)) - s'{a^\{w)). 

An arbitrary element in wi e Wi has the form wi — a^^{w). Let now 
take place. Then s{wi) - s'{wi) e T. Hence a{s){w) - {s'){w) e T*, which 
gives a{s)/3*cr{s'). 

It is also clear that if a{s){w) — a{s'){w) G T*, then s{wi) — s'{wi) G T and, 
therefore, s(3s' 
Prove now that 

a{a)w{T) = T* = awT. 

It follows from considerations above that a{pw{T)) = p\y{T*). Applying tw, 
we get 

a{a)w{T) = Tw{a{pw{T)) = TwpwiT*) = T* . 
We have checked that there is a bijection 

a{a)w ■■ C\h{W) Clj/.(VF) 

and the function a commutes with (5. This means that the automorphism a 
determines similarity of algebras H and H'^ . 
Let us now finish the proof of the theorem. 

The categories Kq{Hi) and Kq{H2) are isomorphic if and only if Hi and 
H2 are similar. 
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The similarity of Hi and H2 is determined by some automorphism (f : <d^ 
0°. According to Theorem [1^, an automorphism is semi- inner and it can be 



represented as (f = a(fo where (fo is an inner automorphism. 

Let us pass to the algebra H^. The algebras Hi and H^ are similar in respect 
to (T. According to the similarity decomposition rule we conclude that iff and 
H2 are similar with respect to ipo and, consequently, they are geometrically 
equivalent. This leads to the equivalence of the first and the third conditions 
of Theorem Equivalence of the second and the third connections is checked 
similarly. 
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